














If we look at the interpretations of each question, we find that the teachers consistently
interpreted statement 4, the situation of “dealing 5 card” stochastically. The majority of
them also interpreted statement 1 and 3 stochastically. Most of the teachers conceived of
statement 2 non-stochastically. Only two teachers, Lucy and Henry, interpreted several
situations in both ways (highlighted in red, Lucy 2 out of 5, Henry 3 out of 4).

Looking at interpretations across situations given by each teacher: Nicole, Linda,
and Alice seemed to have an orientation in conceiving of probability situations
stochastically. John, Sarah, Lucy, Betty, each conceived of two situations non-
stochastically. Most teachers made statements about whether the situation was or was not
probabilistic, as opposed to whether they conceived of the situation as probabilistic.
Henry was the only one who consistently tried to interpret all situations in two ways. He
acknowledged that he had difficulty seeing the third statement (risk of being struck by
lightning) from a non-stochastic perspective. Perhaps it was because had he done so, then
the probability would be either O or 1, which was in conflict with the given measure of

probability 1/400000.

Interview 3-4: Gambling

You must make a choice between:

a. Definitely receiving $225,
b. A 25 percent chance of winning $1,000 and a 75 percent chance of winning nothing.

1. Suppose this is a one-time choice. That is, you are presented with these options once and
you will never be presented with these options again. Would you choose (a) or (b)? Why?

2. Suppose you are a gambler who will be presented with these same options many, many
times. Would you choose (a) or (b)? Why?
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This interview question resembles the slide 6 Rishad’s situation in the PowerPoint
presentation in that the distinction between non-stochastic and stochastic interpretations
was made clear in the question. Teachers’ answers to both questions revealed that they
understood the distinction between making a one-time choice and making repeated
choices, and they understood that consistently choosing » would yield more benefit over
the long run. Four teachers made their choices based on this understanding (Table 21).
The other four teachers, while understanding the distinction, nevertheless made their
choices based on their personal preference of avoiding risk. It is worthwhile noting that
Henry chose to accept risk even in the one-time situation. Perhaps he thought of this one-

time situation as one of many one-time situations.

Table 21: The choices teachers made in Interview 3-4
Name 1 2
John
Nicole
Sarah
Lucy
Betty
Linda
Henry
Alice

QT
QIT|ITR QT

Summary

Discussion of the two situations in Activity 1-2: Chance and Likelihood revealed that, on
that occasion, the majority of the teachers had a non-stochastic conception of probability
situations. Only two teachers held a stochastic conception when interpreting the first
situation. There were three ways teachers interpreted probability non-stochastically: 1)

Linda and Nicole’s outcome approach, 2) John, Lucy, Betty and Linda’s proportionality
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heuristic, and 3) John and Linda’s belief that probability of an outcome is 50% since an
outcome either occurs or does not occur. My analyses of these interpretations in the
context of the teachers’ discussion revealed that while 1) and 2) both led to subjective
judgment of probability, 3) was logically incoherent. Note that with exception of one
instance (Nicole’s outcome approach in interpreting one of the questions in the post-
interview), none of these interpretations appeared in later activities and interviews.

Discussion on the first three slides of Activity 2-2: PowerPoint presentation
revealed Linda’s conception of probability as relative proportion. Evidence (e.g.,
consistently conceiving of incompatible collections for questions in slide 1) suggested
she did not conceive of a clearly defined stochastic process, in which case, the relative
proportion of observed outcomes out of all outcomes generated from this process.
Therefore, I argued that Linda had a vague method of computing probability: probability
is a “relative proportion” of quantity x over quantity y. Her conception of probability was
non-stochastic.

Discussion on slide 4: Car & weather situations highlighted an idea that is
pedagogically significant. That is, a situation is what you conceive of it to be. It can be
thought of differently. Discussions showed that while one group of teacher consisting of
Henry, Nicole, and John argued that the two situations could be interpreted both non-
stochastically and stochastically, another group consisting of Terry and Linda insisted
that one has to be non-stochastic and the other stochastic. Note that from this point on,
teachers’ conceptions of a probability situation hinged on Q1: Is there an image of a
repeatable process? The interpretations that they offered were streamed into the following

two types:
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1) Non-stochastic (path 1-5): There is no repeatable process; an event either occurs

or does not occur; probability is either 1 or O.

2) Stochastic (path 1-2-3-10): There is an underlying repeatable process; probability
is the relative frequency of the observed outcomes generated from the process.
At the end of the discussion of the PowerPoint presentation (end of discussion on slide 4:
Car & weather situations, discussion on slide 6: Rishad’s situation), there seemed to be a
shared understanding in the group that a situation is not probabilistic in and of itself. It is
how one conceives of it that makes it probabilistic.

In the post-interviews, teachers’ interpretations to the five probability situations
revealed that most of the teachers only interpreted the situations in one way. Only two
teachers, Henry and Lucy, gave both non-stochastic and stochastic interpretations in a
number of occasions (Henry 3 out of 4, Lucy 2 out of 5). We observed that while for
some situations (e.g. question #2) most of the teachers interpreted it non-stochastically,
for some (e.g. question #4) most of the teachers interpreted it stochastically, and yet for
the rest, some teachers saw them non-stochastically, and others stochastically. Although
we could explain some of these inconsistencies locally (e.g., the playing cards situation in
question #4 is culturally understood to be repeatable), more evidence is needed to
understand more about what drove the teachers to interpret probability situations non-
stochastically or stochastically.

The second interview question Gambling situation, like the Rishad’s situation in
the slide 6 of the PowerPoint presentation, showed that the teachers did see the difference
between the non-stochastic and stochastic conceptions whenever we made the distinction

clear by juxtaposing two interpretations that embedded these two conceptions.
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Multiple Interpretations of Probabilistic Situation

Activity 2-4: Clown & Cards scenario

At the Cobb County fair a clown is sitting at a table with three cards in front of her. She shows
you that the first card is red on both sides, the second is white on both sides, and the third is red
on one side and white on the other. She picks them up, shuffles, hides them in a hat, then draws
out a card at random and lays it on the table, in a manner such that both of you can see only one
side of the card. She says: “This card is red on the side we see. So it is either the red/red card or
the red/white card. I’ll bet you one dollar that the other side is red.”

What is the probability that you would win this bet were you to take it?

Part 1 - Discuss how you are thinking about this situation in order to formulate an answer to the
question.

Part 2 - We will watch video excerpts of students attempting to make sense of this situation.
Discuss what they seem to struggle with.

How might we help students reason about the situation in a way that is coherent and consistent
with ideas of repeated sampling and probabilistic situations we have been discussing?

The last section revealed the teachers’ stochastic and non-stochastic conceptions of
probability situations across a number of activities and interview questions. In this
section (activity), I will focus on multiple interpretations of probabilistic situations. [Note
that I use the phrase “probabilistic situation” as opposed to “probability situation”. It
means that the section is about multiple interpretations of a situation when it is conceived
of probabilistically.] As I have elaborated in Chapter 5, not only a non-stochastic
conception has many different expressions, a stochastic conception, too, could lead to
different interpretations of a probability situation. In other words, a particular event
could be seen as outcomes from different stochastic processes, and thus the probability of
this event differs depending on how one conceives of the stochastic process. The Clown
& Card scenario presents such a situation that subject to many different interpretations.
Our purpose in engaging the teachers in this activity was to understand the ways with

which the teachers responded to this type of situations.
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Discussion around this activity lasted for 138 minutes in total: 100 minutes before
the break and 38 minutes after the break. Teachers’ initial interpretations could be
divided into three categories that led to three different answers to the original question:

“1/27, “1/3”, and “either 1 or 0”.

Activity 2-4, Episode 1: Multiple interpretations

Interpretation 1

Betty, Sarah, Lucy, Henry, and Linda believed that the probability was 1/2.

Excerpt 18
20. Betty Okay, I took it from the two cards that were on the table, I mean, from
the two cards that were red, that had red on them, not from the white-
white because that seemed to be out of the picture. So I took those two
possibilities, so it is either going to be on the other side, red or white,
so that’s, to me, one out of two.

33. Terry What is the probabilistic situation? What is the process that is being
repeated?

34. Betty Well it is— to me, as it is, maybe I messed up=

35. Terry Lucy?

36. Lucy Flipping the card that is right in front of you, flipping it up.

37. Terry Okay, so that’s the repeatable process...

38. Betty Every time you drew a red card.

39. Henry  That card only=

40. Terry =Just the one card that’s=

41. Henry =‘Cause if it is the ah, white... well, I don’t (inaudible)

42. Sarah:  From either of the cards that would give you ...

43. Henry I wasn’t looking at it though from any of the three cards, I was just
looking at it from the, the two that would be red or white.

44. Sarah From just that one card.

45. Betty To me that is the only thing that is being repeated — rather than
drawing from the basket to start with or whatever...or the sack
whatever.

46. Terry All right, Linda you were going to say something.

47. Linda It would be like drawing from a bag of cards that are red/red or
red/white.

48. Terry So what are you saying there, are you agreeing that the probabilistic
situation is flipping that card over?
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49. Linda

50. Sarah
51. Linda

631.Sarah

Yeah, it is the same thing, or, or having a bag of red and—red stuff
and white stuff, because the issue is...that the issue is not the side
facing you, you already know what that is.

Did you=

=So you’re down to picking between, picking things from a sample
space of red vs. white.

Well, but I know, I mean, Betty was looking at this one card and we’re
looking at—and I’m thinking like Betty is — we’ve got two things
going on here, you asked Betty what she thought, when I thought
about it I thought about the way she did: you’ve got a card laying there
that’s red, it is been drawn out and to be red up it either has to be red
or white on the bottom, there’s only two outcomes, you flip it over, it
is a one out of two possibilities on that particular part, but if you want
it stated probabilistically...

There were two important assumptions made by this group of teachers. First, they

believed that since a card was already drawn and a red side was up, the white/white card

should be eliminated from their consideration, because had it been drawn, it could not

have rendered the outcome of a red side facing up. The second assumption, more tacit

than the first one, was that it did not matter which side of the card was visible. Only the

color of the visible side mattered. As Linda said, “the issue is not the side facing you, you

already know what that is.”

Table 22: Outcomes conceived of by Betty, Lucy, Sarah, and Linda

Up Down
1* R R
2 R W
-
3¢ -

There were two ways the teachers conceived of the situation: One group of teachers,

Betty, Lucy, and Linda, conceived of a stochastic process; Sarah conceived of the

situation non-stochastically. The stochastic process that Betty and Lucy conceived was
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“flipping the card whenever there is a red card comes up” (lines 36 and 38). Linda
equated this process to that of repeatedly “drawing from a bag of cards that are red/red or
red/white.” In other words, were Linda to draw the R/R card, the other side would be red;
were she to draw the R/W card, the other side would be white. Sarah saw the situation as:
There was one card with red on top, the bottom was unknown but there were two
possibilities, red and white (line 63). Therefore the probability (to Sarah) was the relative
proportion of these two possible outcomes. In Sarah’s conception of the situation, there
was no image of a stochastic process. To summarize, here we saw the teachers giving the
same interpretation to probability (as relative proportion of observed outcomes out of all
possible outcomes) with Lucy, Betty, and Linda having a stochastic conception (path 1-2-
3-9), and Sarah having a non-stochastic conception (path 1-9).

Interpretation 2

Nicole gave a different answer: The probability of winning of the bet was 1/3. Nicole had
conceived of a two-stage sampling process. This process was “Pull a card from the bag,
place one side on the table, and look at the other side of the card”. Table 23 illustrates

how she thought about the outcomes of this process:

Table 23: Outcomes conceived of by Nicole

Card | Side A Side B
R/R | Up(R) Down (R)
Down (R) Up (R)
WAV | Bp-tW) Down(W)
Down(W) Bp-tWH
R/W [ Up (R) Down (W)
Down(W) Bp-R)
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Nicole evidently believed that picking a card randomly from the bag and placing it on the

table produced 6 possible outcomes of the color of the upper side. There were two ways

of placing the red/red and white/white cards: side A up or side B up. Since it was known

that a red side faced up, three outcomes that had white on the upper side would be

eliminated, hence the crossing out of WW, WW, and WR. Next, out of the three possible

outcomes that had red on the upper side, only one had a white on the other side.

Therefore, the probability was 1/3. Note that Nicole’s conception of the situation was

stochastic, and probability was the relative proportion of observed outcomes out of all

possible outcomes (path 1-2-3-9). It is also important to note that Nicole focused on the

outcomes being pairs of sides, one side up and one side down, and not simply on the

color of the upper side.

Nicole’s explanation in the following excerpt:
Excerpt 19
145 Nicole ~ Why can’t the clown, also say — it doesn’t say this here — but why

can’t the clown just pull out a card and slap it down and let’s assume it
is white this time, and now the clown says, um... what’s the
probability the other side is white?

suggested that the situation she conceived of was “ The clown plays the game repeatedly,

drawing a different card, and making the bet with reference to whatever color is up.” This

conceptualization of the situation allowed her to accommodate to hypothetical scenarios

where white cards were faced up.

Interpretation 3

John offered the third interpretation, that is, the situation was not probabilistic.
Excerpt 20

132.John I just wanted to say that, I think that we’re wrong, I believe that the
probability is one or zero, because we’re talking about that card. You
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want to repeat the process, why don’t you flip it over one time you
know the answer, so there’s no repeating it=

133.Sarah That’s a good call.

134.John This is not a probabilistic situation, would be my answer. This process
cannot be repeated.

135.Terry So if you go, if you go to that booth at the fair, the clown is always
going to have the same cards sitting there.

136.John No...no, no. See what this says, this says, we do=
137.Terry But you, in order for this to make sense you have to think about it,
probabilistically.

138.John Yup, well, that’s what ’'m— the way I’m looking at it is that card’s
been sat down on the table, or, the card is there, it is that card, it is not
asking what’s the probability it pulls it out of the hat, it is after he’s
pulled it out of the hat and put it down, here’s the card sitting on the
table. The process being repeated is not pulling it—keep pulling it out
of the hat=
John argued that both 1/2 and 1/3 were wrong and that the probability was either 1 or O
because he believed that the situation was just a one-time event. The situation was about
the clown and the one person who was betting the color of the down side of that one card,
once. There were two possibilities: if the other side is red, the probability is 0, and you
lose the bet; if the other side is white, then the probability is 1 and you win the bet (path
1-5).
Summary of Activity 2-4, Episode 1
Table 24 summarized the teachers’ interpretation of the Clown and Card scenario. John
and Sarah conceived of the situation non-stochastically, but they interpreted probability
in different ways. John believed that the probability was either 1 or O depending on
whether the bottom of the card was white or red. Sarah believed that the probability is %%,
the relative proportion of white out of the two possible outcomes of the bottom color of
the card. Lucy, Betty, Linda, and Nicole conceived of the situation stochastically, and

they split in two groups in their interpretations of the situation. Lucy, Betty, and Linda

conceived of a stochastic process that entailed randomly selecting one card out of two
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cards, and thus deduced a probability of 2. Nicole conceived of a two-stage random

process of selecting a card from the bag and showing the other side the side of the

selected card, which led to the probability of 1/3.

Table 24: Teachers’ conceptions and interpretations of probability situation in Clown &
Cards scenario

Locator | Name | P. 1 2 3 4 5 6 7 8 9 10
Q1 Q2 Q3 OA | ANA PH | ANA | APV | APO RF
D6A7 John | 1,0 N Y
Nicole | 1/3 Y Y Y Y
Sarah | 1/2 N Y
Lucy | 1/2 Y Y Y Y
Betty | 1/2 Y Y Y Y
Linda | 1/2 Y Y Y Y
Henry | 1/2
Alice

Activity 2-4, Episode 2: Simulation

After the teachers laid out their different interpretations and answers to the question, they

debated on which interpretation was correct. As shown from the excerpt below, the

debate did not resolve the differences in teachers’ interpretations as each teacher spoke

from his or her own perspective.

Excerpt 21
143.John

144.Betty

145.Nicole

146.Sarah

But the bet, the bet is made after he pulls the card out not before, he’s
not stating, he’s not stating, “Oh, what’s the probability it is red given
that this side is red, if I pull—" you know, he’s not putting any
constraint, he’s pulling the card out and putting it down.

To me he’s eliminated the white/white, totally, I mean that’s not an
option anymore.

Why can’t the clown, also say — it doesn’t say this here — but why
can’t the clown just pull out a card and slap it down and let’s assume it
is white this time, and now the clown says, um... what’s the
probability the other side is white?

(simultaneously) the probability that the other side is red... is white.
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147.Nicole It is the same problem, so I’'m arguing that the, what we’re repeating is
pulling the card out of the bag initially. And the clown doesn’t give a
flip what color...
153.Sarah I thought that the problem had to do with, once (inaudible) the card is
on the table, now, you have to look at the probability over a length of
time, you just, you realize in your mind that if you did this experiment
over a length of time several opportunities, you would have either a
red or a white down, and if you do it a lot it is going to work out to be
about equal.
Each teacher’s utterance fit with his or her own conception of the situation. To John, the
situation was “The clown plays the game just once, with one person, on that one
occasion”. To Nicole, the situation was “The clown plays the game repeatedly, drawing a
different card, and making the bet with reference to whatever color is up.” To Betty and
Sarah, the situation was “The clown plays the game repeatedly, drawing a different card
until getting a red card up.”

Pat commented that a situation could have multiple interpretations and that an
answer would be valid as long as it was consistent with the way one conceived of the
situation and the interpretation (that led to the answer) was consistent with the text.
However, the teachers kept defending their own point of view and dismissed the others as
being wrong or not viable. Some teachers proposed to use simulation to resolve the
conflict. The discussion quickly fell back to the same debate “What is the situation?” as

each teacher tried to set up the simulation in a way that fit with how he/she conceived of

the situation.

Excerpt 22
237.Nicole = Why can’t we try to simulate this?
238.John Yeah I had a suggestion on that, like what we can do is set it up on our

calculator to choose a zero or one, say zero represents red and one
represents white, for instance, just a side of the card. So we’ll say zero
is red, so, if we set it up on our calculator and it gives us a red, that
means the clown took it out of the hat and put a red down. So then we
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239.Henry

240.John

241.Terry:

242 .Sarah

243.Linda
244 Sarah

245.Terry
246.John
247.Terry

248.John
249.Terry

250.Sarah

know, that’s our situation. If we do it and it gives us a one then we
don’t recognize that because that’s not our situation, that’s not—what
we’re trying to repeat this situation, so the situation has to be with a
red card coming out. So we can go through, if it has a zero, then we do
it again to see if we get zero to one, to see if it is red or white. That’s,
that’s my suggestion.

That’s assuming that the same question is going to be asked every
time.

That’s what I'm saying, if it is white you disregard that, only, if it is
zero, that zero represents red so that’s always going to be... -- I'm
trying to get the same situation where there’s a red card drawn.

I’m not sure that your doing that is going to be the same situation,
though, because then you’re not pulling from cards that are fixed in a
certain way.

Can you do a calculation—calculator simulation where you do fix that
first number. Where you always—where your first number’s always...
But that’s the same as choosing from red or white on the other side.
Yeah...Not the same as the card situation because then the cards are
not fixed in a certain way.

Okay, well what are the, what are the— you have to start with the fact
that you have three cards.

Rrrright.

So you, you=

Half of them my red side, half of them my white.

So you gotta know which card you got so we can do like Nic—you
know Nicole had first card, second card, third card... okay, so that’s
part of the problem you’ve got to reach in and get a card. So that’s—
there’s randomness there, “which card do you get?” so there’s one
level of the process. And then...

Then fix the wording of your question, but that’s all.

From this exchange we see three types of simulations that the teachers conceived of. The

first, proposed by John, was to simulate selecting between 0 (red) and 1 (white), discard 1

if selected, and then select again between 0 and 1. The second, made explicit by Linda,

was to simulate selecting between red and white (the possible color of the other side once

the red side is up). The third, proposed by Terry (who was supporting Nicole’s

interpretations), was to start from selecting one of the three cards and not discard any

card in order to ensure randomness. The simulations these teachers wanted to set up fit

precisely with the way they conceived of the situation.
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The debate remained at the level of people trying to convince others that they
were wrong, as opposed to reflecting on their differences. For example, Terry was
convinced that Nicole’s interpretation was the correct one. In communicating with
teachers who did not share the same belief, she used the phrases such as, “you have
to...”, “you gotta...” Right after she said, “You have to start with the fact that you have
three cards.” John reiterated his own belief of what the outcomes would be, “Half of them
my red side, half of them my white.” (lines 246-249) Here is another example:

Excerpt 23

504.John I got the right answer the way I did it.

505.Terry  Why don’t we simulate it like this=

506.John =If you do it the way I did it you’ll get the right answer.
These exchanges demonstrated that what Terry said made no impact on John’s thinking.
The same was generally true for the other teachers. The debate among the teachers did
not resolve their differences because all the teachers were committed to their own
conceptualization of the situation and none of them detached himself or herself to provide
a criterion for judging which interpretation was valid.

Sarah’s last comment— “Fix the wording of your question” — suggested that she
believed the wording of the question should decide a correct way of interpreting the
question, and thus a way of setting up the simulation. This supported my earlier
conjectures that the teachers believed that 1) a situation has one correct interpretation,
and 2) how a situation is worded/phrased dictates how it should be interpreted. If a

situation is open to multiple interpretations, then it contains ambiguity and must be

modified so that only one interpretation will be valid.
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Discussion continued as teachers argued over how the simulation should be set
up. The teachers did not realize that a simulation of a situation is essentially determined

by one’s conceptualization of that situation. This was revealed in the following excerpts.

Excerpt 24
499.Pat How could we settle this=
500.Nicole  =I want to do a simulation.

Note that in line 237 Nicole had suggested simulation as a potential way of resolving the
conflict. Nicole second proposal on simulation, after the long debate on how to set up the
simulation, indicated that she did not understand that a simulation of a situation is tightly
connected to conceptualizations of the situation. A simulation is a simulation of
something. In the current context, this something is a well-defined random process of
cards selection. If the question of what the process was were not settled, then the
simulation could not be determined as a consequence. However, Nicole seemed to think
of “doing simulation” not as an extension of one’s conceptualization, but rather as a free
agent (outside of the realm of thinking) that could decide which conceptualization was

correct. The discussion continued as Pat confronted this misconception.

Excerpt 25
499.Pat How could we settle this=
500.Nicole  =I want to do a simulation.
501.Pat besides by strength of argument?
502.Nicole  Ireally want to do a simulation on the calculator.
503.Pat If you simulate it ... if you simulate it so that in effect you are saying

... if you simulate it like John did, then you’re going to get a
probability of 1/2. If you simulate it like you did, then you’ll get a
probability of 1/3.

509.Nicole  Pat, I don’t understand something you are saying.

510.Pat What’s that?

511.Nicole I want to know if what you are saying to me when you gave your
response is that I can’t simulate it if I already know the answer.

512.Pat No. That wasn’t it.

513.Nicole  That’s not what you said?
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514.Pat

515.Nicole
516.Pat

517.Terry
518.Pat
519.Nicole
520.Pat
521.Nicole
522.Pat

523.Nicole

If the process that you conceptualized is, pick a card, and it is either
red or white on top, now... pick a card and it is red... with probability
1, that is you always get a red, now, its either red and white or red and
red. If you simulate that, if that’s the process that you simulate, then
what do you see happening?

It would be 1/2, T guess.

Yeah. See so, how you conceptualize the process is going to depict—is
going to define your simulation.

So if you conceptualize the process differently, then you’re going to
get different ...

So, but I'm saying that running a simulation doesn’t settle it.

Oh, I see what you are saying. So in a sense...

The simulation=

The simulation... it depends on how I perceive the process as to how |
set up the simulation.

(simultaneously) as to what simulation you’re going to run.
(afterwards) That’s right.

Well I’m struggling with setting it up my way. (laughs)

The idea Pat tried to convey during this excerpt was that one’s simulation was based in

one’s conceptualization of the situation, and therefore a simulation could not, in

principle, resolve the question of which conceptualization was correct. Lines 519 to 523

suggested that Nicole had understood this idea. Later discussion, however, revealed that

this idea was not understood by some of the other teachers. Below I will present two

excerpts taken from the ensuing discussion in which Henry and Terry continued to

propose using simulation to decide a correct conception.

Excerpt 26
543.Pat

544 .Nicole
545.Pat

546.Henry
547.Betty
548.Pat

But what people are doing is arguing for the correctness of their
interpretations.

That’s correct. I commend you.

And I’m, I’m...the question I’m asking is, stand back from that.
We’ve got different interpretations and everyone believes each of their
interpretation firmly.

I don’t anymore. (laughter)

Me either. Sorry I spoke up first.

The question I’'m asking is how to settle that argument other than
everyone raising their voices saying, “My way of looking at it is
right!”
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564.Pat
565.Henry
566.Pat
567.Henry

568.Pat

569.Henry

570.Linda
571.Pat

572.Henry

573.Pat

574.Henry

But please answer my question. How do you settle the matter?

I think you could simulate it. Put the three cards=

Which simulation do you run?

Well, that’s what I’m trying to tell you. I think you could take the three
cards=

But you’re just restating the interpretations when you say, “This is the
simulation to run.” Because there are rwo simulations to run. How do
you decide between them?

I don’t know which two simulations but I’m trying to tell you the
simulation=

(Simultaneous with Henry.) They’re both right.

No. One leads to a probability of 1/2 and one leads to a probability of
1/3. They can’t both be right.

No, see that’s what I’'m saying. I’m finally getting the fact that you're
... the probability is 1/2 is coming from the idea that there are only two
cards in question. But the population that produced these two cards
produces these three outcomes two of which are beneficial for the
clown. Soitis a ... I see that. I think you simulate by giving them the
cards and letting them do it then they’ll pay close attention to finishing
the process. If they get a white card then they’ll just stick it back in.
Suppose somebody says, when you count, see the question is when you
do the simulation, what are you going to count. So, if somebody
reaches in and pulls out a card that is white on top=

Then you stick it back in and you don’t count it at all. Now if they have
a red showing up now you’re ready to count and then you flip it over if
it is red then you mark it down as a win for the clown. Stick it back in
the bag and pull out a card and if it is red on top and if it is white then
you mark it down as a win for you. And 2/3 of the time that you do that
the clown’s going to win...you’re going to win one...

This excerpt first showed that Henry and Betty did not firmly believed their

interpretations that the chance of winning the bet was 50% (lines 546 and 547). By the

time Henry said, “I’m finally getting the fact that...” (line 572), he had completely

changed his interpretation. He now believed that the RR card should be counted twice

and thus it gave a favorable edge to the Clown (line 572). He then described a

process/simulation that fit with his current interpretation (lines 572 and 574). We did not

know what had made Henry to change his interpretation, but we could infer from this

excerpt that:
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1) Once Henry changed his interpretation, he believed that the new interpretation was
the only correct interpretation.
2) Henry believed that there was only one correct simulation to run, and this
simulation would confirm the correctness of his interpretation.
I made such inferences based on the words that Henry chose to use when he explained his
thinking.
I don’t know which two simulations but I’m trying to tell you the simulation=
I’'m finally getting the fact that...
I think you simulate by giving them the cards and letting them do it then
they’ll pay close attention to finishing the process.
These phrases, as used in their context, revealed that Henry still firmly prescribed to the
tacit assumption that a situation must have one correct interpretation. For this reason,
when he finally came to understand the second interpretation, he dismissed his original
interpretation as wrong (this was conveyed by his characterizing the second interpretation
as a fact). When he described the simulation, he described it in a way as if it were the
only possible simulation. As soon as he dismissed his original interpretation, the
simulation that fit with that interpretation became completely absent from his mind.
To summarize, this excerpt illustrated that 1) Henry changed his interpretation of the
situation, and 2) Henry believed that simulation could confirm that the validity of his
interpretation. He did not know that the simulation he conceived of was a result of his
changing conception of the situation.
The next excerpt occurred near the end of the morning discussion. Pat continued
to push the discussion of “How to resolve the conflict”. We would observe, in this

excerpt, that both Terry and Henry still firmly believed that simulation could decide

which of the two interpretations was correct.
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Excerpt 27
641.Pat

642.Terry
643.Betty

644.Pat
645.Linda

646.Terry

647.Pat
648.Henry
649.Terry

Well the question I asked a long time ago, which actually 1 felt you did
not want to address it, and that was “How, in principle, do you
resolve="

=It is not that we don’t want to answer it. I don’t know how to answer
it.

We’re to that point where we don’t have a clue how to answer it.

But we haven’t even falked about it.

Could you give them some activities so we could give them a chance
so they could go home and think about it. I mean that’s what I do,
because y’all can stand there and preach=

I think Henry’s idea was a good idea. Give them three cards but don’t
tell them what to do with it. Give them a RR card, a RW card, and a
WW card and you don’t tell them what to do with it, you just say here
are three cards.

Uh-huh.

Cause that’s the situation.

And you don’t tell them what to do with it. To me, somebody that’s in
the 50-50 camp, by trying to simulate —by trying to do that, some of
those people ... maybe not all of them ... some of them are going to
realize that what they are doing doesn’t really make sense, because my
process is that first I’ve got to reach in there and pick a red card, you
know, and make sure I’ve got a red card and then flip it over, which ...
it is not really the same process as what the clown is doing. Now,
maybe they wouldn’t realize that ... as they, or if somebody noticed
and said, “Wait a minute. That isn’t what the clown did. He didn’t
reach in and make sure he had one of the red ones. I didn’t have one of
the three cards face up and slide out one of the red ones and say this is
red.” Now, I don’t know, maybe to the kids it wouldn’t be any
different because they know it is red, I don’t know...

Henry’s comment “Cause that’s the situation” revealed, again, that he did not see the

distinction between a situation and a situation as one sees it. He assumed, although

without himself knowing it, that the way he saw the situation was the situation (or how

this situation should be seen by anyone.) He insisted that his new interpretation was

correct as if he had never thought otherwise. Terry, too, seemed so ingrained in her

conception of the situation that she could not entertain the idea that alternative

conceptions were both possible and reasonable. She still did not understand the idea that

simulation was an expression of one’s conception. Rather, she believed that simulation

173



results should confirm one’s conception against competing conceptions. Thus she
believed that to resolve the conflict meant to show the other camp’s wrongness by
simulation —the only simulation that she could envision.

To end the discussion of the episode, I want to add an observation that the
teachers had become increasingly frustrated as their many attempts at resolving their
differences (both by reiterating their own points of view and by proposals of simulation)
went void. At this juncture, Pat decided to push the discussion to a different level. Here I
turn to the next episode.

Activity 2-4, Episode 3: Pedagogical conversation

In this section, I will specifically focus on Pat’s intervention —the direction to which he
attempted to lead the discussion, how teachers interpreted him, and what they believed
the discussion was about.

Pat observed that the way the teachers debated with each other was nothing more
than reiterating their own points of view. He attempted to raise the pedagogical question,
“How do you resolve the conflict without restating what you think is true?” His intention
was to push the teachers to reflect the assumptions behind their thinking. Pat understood
that the fundamental distinction between the two camps: those who believed the
probability to be 1/2, and those who argued for 1/3, was that the first camp approached
the problem with a fixation on the question that was asked, whereas the second camp
focused on the underlying situation behind the question. Orientation to the underlying
situation allows one to envision the space of all possibilities and to solve all the questions
relevant to a situation, whereas an orientation to the question often leads one to choose

only relevant information and thus prevents one from making sense of the entire situation
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as a whole (Please recall the Urn & Marble example in the Chapter 5). Pat’s intention, by
raising the question of “How to resolve the conflict”, was to invite the teachers to think
about instructional design, that is, in designing probability instruction the teachers should
avoid this type of conflicts by always orienting the students to think about the underlying
situation as oppose to the question that is being asked. To engage the teachers in this
reflective conversation required that the teachers take their debate as an object of
reflection and consider the potential instructional action or design that would resolve the
conflict. However, as we will observe in the following excerpts, the teachers did not
engage in reflective conversation. Rather, they understood Pat as saying “How do we
decide which interpretation is correct?” and thus kept arguing for their own
interpretations. The following four excerpts illustrated Pat’s persistent attempts at
elevating the conversation and teachers’ resistance to entertaining alternative
interpretations, and engaging in pedagogical discussions.
Excerpt 28: First attempt (Starting time 35:30)

499.Pat How could we settle this=

500.Nicole =I want to do a simulation.

501.Pat besides by strength of argument?

502.Nicole I really want to do a simulation on the calculator.

Excerpt 29: Second attempt (Starting time 37:42)

548.Pat The question I’'m asking is how to settle that argument other than
everyone raising their voices saying, “My way of looking at it is
right!”

564.Pat But please answer my question. How do you settle the matter?

565.Henry I think you could simulate it. Put the three cards=

566.Pat Which simulation do you run?

567.Henry  Well, that’s what I’m trying to tell you. I think you could take the three
cards=

568.Pat But you’re just restating the interpretations when you say, “This is the

simulation to run.” Because there are two simulations to run. How do
you decide between them?
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569.Henry

570.Linda
571.Pat

572.Henry

I don’t know which two simulations but I’m trying to tell you the
simulation=

(Simultaneous with Henry.) They’re both right.

No. One leads to a probability of 1/2 and one leads to a probability of
1/3. They can’t both be right.

No, see that’s what I’'m saying. I’m finally getting the fact that you're
... the probability is 1/2 is coming from the idea that there are only two
cards in question. But the population that produced these two cards
produces these three outcomes two of which are beneficial for the
clown. So it is a ... I see that. I think you simulate by giving them the
cards and letting them do it then they’ll pay close attention to finishing
the process. If they get a white card then they’ll just stick it back in.

Excerpt 30: Third attempt (Starting time 1:11:10)

617.Pat
618.Linda
619.Pat

620.Henry

631.Henry
632.Alice
633.Henry

...My question is: How do you resolve that? [Pause]

Could we take a break?

Do you see, Henry, that the idea of running a simulation doesn’t
finalize it.

I sure think it helps, though. Because if you have those three cards, and
if you’re running the simulation, then you can come back and ask them
these sticky questions, and help to point in a clearer direction.

See, if you run the simulation, though, you're not going to get 1/2.
But you would run two different simulations.

But there’s only —you think you could run two different simulations.
But there's only three cards. There's only one bag. And every time you
run it, it is going to tally up.

Excerpt 31: Fourth attempt (Starting time 1:15:58)

641.Pat

642.Terry
643.Betty

644.Pat
645.Linda

646.Terry

647.Pat
648.Henry

Well, the question I asked a long time ago, which actually 1 felt you
did not want to address it, and that was “How, in principle, do you
resolve-"

=It is not that we don’t want to answer it. I don’t know how to answer
it.

We’re to that point where we don’t have a clue how to answer it.

But we haven’t even talked about it.

Could you give them some activities so we could give them a chance
so they could go home and think about it. I mean that’s what I do,
because y’all can stand there and preach=

I think Henry’s idea was a good idea. Give them three cards but don’t
tell them what to do with it. Give them a RR card, a RW card, and a
WW card and you don’t tell them what to do with it, you just say here
are three cards.

Uh-huh.

Cause that’s the situation.
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649.Terry And you don’t tell them what to do with it. To me, somebody that’s in
the 50-50 camp, by trying to simulate—by trying to do that, some of
those people ... maybe not all of them ... some of them are going to
realize that what they are doing doesn’t really make sense, because my
process is that first I’ve got to reach in there and pick a red card, you
know, and make sure I’ve got a red card and then flip it over, which ...
it is not really the same process as what the clown is doing. Now,
maybe they wouldn’t realize that ... as they, or if somebody noticed
and said, “Wait a minute. That isn’t what the clown did. He didn’t
reach in and make sure he had one of the red ones. I didn’t have one of
the three cards face up and slide out one of the red ones and say this is
red.” Now, I don’t know, maybe to the kids it wouldn’t be any
different because they know it is red, I don’t know...

The teachers kept responding Pat’s attempts by restating what they thought was

true/correct even though Pat had excluded it as a productive mode of argumentation. This
was, in part, because the teachers themselves did not think they were simply restating
what they thought was true. They were talking about simulations, which, in their mind,
could decide which interpretation was correct. Nonetheless, teachers’ responses revealed
that they believed that discussion was about which interpretation was correct. They did
not detach themselves from their own conceptions, and take the collection of, and the
conflict of, different interpretations as the object of thought. Moreover, they seemed to
completely forget that in their initial discussions of the problem, everyone except Nicole
had proposed that the situation was like selecting two cards from a bag, one that is red on
both sides and one that is red on one side and white on the other— which itself was a
proposed simulation.

When Pat suggested that simulation could not be a means of settling the conflict,
one of the teachers, John, said he would simply tell the other party that they were wrong.
Excerpt 32

575.Pat So, what do you say